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ance offset interaction is compared to exact calculations for
ultiple-pulse solid-state NMR experiments. Significant differ-

nces between coherent averaging approximations and exact re-
ults are revealed, even for idealized conditions. A revision of the
tandard analysis is proposed as a way of improving the descrip-
ion of the off-resonance dynamics in these experiments. We use
he insights obtained from this investigation to derive a qualita-
ively new type of homonuclear decoupling sequence, and evaluate
he performance and advantages of this sequence with both sim-
lations and experimental tests. © 1999 Academic Press

Key Words: coherent averaging theory; homonuclear decou-
ling; multiple-pulse dynamics; solid-state NMR.

INTRODUCTION

Coherent averaging theory was first conceived by Hae
en and Waugh (1, 2) to analyze the dynamics of hom
uclear spin systems in solids during multiple-pulse N
xperiments. In the treatment they proposed, the rota

rame Hamiltonian was assumed to be the sum of a t
ndependent termV, consisting of interactions of the spi
ith internal magnetic fields, and a time-dependent, pi
ise constant term,* 1(t), representing the interaction

he spins with modulated radiofrequency (rf) fields ge
ted by the experimental apparatus:

*~t! 5 *1~t! 1 V. [1]

t the end of a periodically repeated decoupling sequen
ycle timeT, the state of a system with this Hamiltonian
etermined by the time development operatorU(T), which,
ccording to coherent averaging theory, can be written

U~T! 5 U1~T!UV~T!, [2]
164090-7807/99 $30.00
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U1~t! 5 7W expH2i E
0

t

*1~t9!dt9J , [3]

UV~t! 5 7W expH2i E
0

t

Ṽ~t9!dt9J , [4]

here7W is the Dyson time ordering operator (3) andṼ(t) is the
nternal Hamiltonian in the so-called toggling frame (2):

Ṽ~t! 5 U 1
21~t!VU1~t!. [5]

An exact expression forU 1(T) can usually be obtained, b
ot so forUV(T). In a coherent averaging theory approac

orm for UV(T) is found by applying

UV~T! 5 exp$2iV# T%, [6]

hereV# is a time-independent “effective” Hamiltonian tha
pproximated by truncating the Magnus expansion (2, 4) of

˜ (t).
Haeberlen and Waugh were originally concerned with in

al HamiltoniansV containing two types of interactions: t
omonuclear dipolar coupling and the effective resonance
et interaction, described by the Hamiltonians*d and *d,
espectively. The coherent averaging theory analysis o
econd of these interactions is the focus of this paper (5). This
nvestigation is motivated by a recent report revealing l
iscrepancies between exact calculations and the standa
erent averaging theory description of the off-resonance
amics in multiple-pulse NMR experiments (6). In examining

he results of a multiple-pulse decoupling experiment, acc
valuations of the effective resonance offset Hamiltonian*# d

nd cross terms involving*d are desired for several reaso
he first is that the frequency dependence of*# d must be
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nown in order to relate the spectra measured by mult
ulse techniques to the chemical shifts of the sample. T
ally, multiple-phase spectra are interpreted according to
oth-order coherent averaging theory, which predicts tha
bserved frequencies are equal to the resonance offset

ained in*d multiplied by a constant scale factor character
f the multiple-phase sequence (2, 7). If *# d contains larg
igher order terms, however, then chemical shift spectra
ived on the basis of zeroth-order assumptions will con
ystematic, nonlinear errors. The magnitude of this err
uantified in later sections.
The second purpose for investigating the approximatio

#
d is to find explanations and remedies for the distortions

rtifacts that afflict multiple-pulse spectra, such as car
requency and image lines (2, 6, 8–11). Strategies for elimi
ating these unwanted effects have been proposed in the
ut have not been entirely successful, due mainly to devia

rom idealized zeroth-order behavior (6). These effects ar
specially troublesome in multiple-pulse spectra with sev

ines dispersed over large bandwidths.
Our final reason for examining off-resonance multiple-p

ynamics is to elucidate the off-resonance line-narrowing
ormance of homonuclear decoupling sequences. Se
orkers, including Haeberlenet al. (12), Pines and Waug

13), Rhimet al.(8, 14), and Garrowayet al.(15), have studie
he effects of the resonance offset on the performance of
ultiple-pulse sequences, especially with regard to resolu
he standard treatment, as developed in this past work
een to include higher order Magnus expansion terms in
pproximation ofV# . Such calculations are feasible for sh
equences, but in general the evaluation and interpretati
agnus expansion terms beyond second order, particu

ross terms, can be prohibitively complex, and are of lim
tility. A different approach that did not require the evalua
f higher order terms would be preferable, both for analy
xisting experiments and for developing improved new o
In this paper, we propose an alternative to the stan

oggling frame as the starting point for a revised cohe
veraging theory analysis of multiple-pulse dynamics.

Multiple-Pulse Homonuclear Decoupling Sequence

Name Pulse sequencea

AHUHA (20) (XY# )(YX# )
1

3
¥ j51

N d

REV-8 (8, 28–30) (XY# )(YX# )(X# Y# )(YX)
1

3
¥ j51

N d

R-24 (14) (Y# X)(X# Y)(YX)(X# Y# )
2

9
¥ j51

N d j

(XY# )(YX# )(X# Y# )(XY# )
(YX# )(X# Y# )(YX)(YX)

a Sequences specified according to the scheme of Burum and Rhim14).
b Zeroth-order coherent averaging theory values, neglecting finite pul
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how that for the best known of the homonuclear multi
ulse sequences, there is an interaction representation d

rom the toggling frame, which in important respects re
ents a superior frame of reference for the treatment of m
le-pulse dynamics. The insights on the dynamics obtain

his new interaction representation are used to derive a q
atively new homonuclear decoupling sequence with cha
eristics that in certain circumstances are superior to any
equence proposed to date.

THEORY

omparison of Coherent Averaging Theory with Exact
Calculations

In this section, we compare standard toggling-frame co
nt averaging theory approximations with exact results f
imple spin system. Throughout this paper, we shall con
nly homonuclear collections of spin-1

2 particles in rigid solids
To isolate the action of the resonance offset on the

ynamics, we specify a single-spin rotating-frame Hamilto
consisting only of a resonance offset term. Zeroth-o

agnus expansion approximations of the toggling-frame
nance offset Hamiltonians for three multiple-pulse exp
ents are gathered in Table 1. We will assume that the e
f the resonance offset can be neglected during rf pulse
xpressed by the equations

*~t! 5 dI z during free evolution,

*~t! 5 v1~cosfI x 1 sin fI y! during pulse of phasef,

[7]

here we have adopted the usual definition of the rotating-f
-axis as the direction collinear with the applied magnetic fied
s the offset of the rf carrier from the resonance frequency o
pin, andv1 is the rf field amplitude in radians s21.
Any motion of an isolated spin-1

2 particle can be represent
s a rotation in a three-dimensional Cartesian space (16, 17).

d Corresponding Resonance Offset Hamiltonians

d
(0)b Precession axisb Offset scale factorb

1 I yj 1 I zj)
1

Î3
(1, 1, 1)

1

Î3

1 I zj)
1

Î2
(1, 0, 1)

Î2

3

1 I yj 1 I zsj)
1

Î3
(1, 1, 1)

2

3Î3

widths.
s an

*#

j(I xj

j(I xj

(I xj

(
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166 HERMAN CHO
ponding to periods of free evolution is about thez-axis
hrough the angledt, where t is the duration of the fre
volution period. The motion corresponding to evolution d

ng a rf pulse of durationt p is described by a rotation about t
otating-frame axis (cosf, sinf, 0) through an anglev 1t p. We
rite the mathematical operators corresponding to these

ions in the formRa(c), wherea is the axis of the rotation (i.e
x, 6y, 6z) andc equals the angle of the rotation.
The equivalence of the motion to simple rotations imp

hat the evolution during a multiple-pulse sequence ca
epresented as a product of rotation operators. For the
ulse WAHUHA sequence, this product is

Rr~c! 5 Rz~dte! Rx#~p/ 2! Rz~dts! Ry~p/ 2! Rz~dt l!

3 Ry#~p/ 2! Rz~dts! Rx~p/ 2! Rz~dtb!, [8]

ith the idealized free evolution timests, t l, tb, andte satis-
ying the relations

t l 5 2ts, [9]

t l 5 tb 1 te, [10]

T 5 6ts. [11]

The timetb is the duration of the period preceding the fi
ulse of the sequence,te is the duration of the period followin

he last pulse of the sequence, andT denotes the cycle time
he sequence. The vectorr is the normalized precession axis
he product rotation, which we specify with the spherical p
ongitudinal and azimuthal anglesb andg, respectively.

Givend, ts, andte, the parametersc andr can be compute
xactly (18) and the true offset scaling factor in the ideal pu

imit calculated fromc via the definition

S; U c

dT
U . [12]

The results of such a calculation are shown in Fig. 1 for
AHUHA, MREV-8, and BR-24 sequences. In each case

ffset range is limited by the Nyquist sampling theorem (19) to
alues within the boundsp/S $ udTu, with S taken from the
eroth-order coherent averaging theory data in Table 1.
The discrepancy between the exact result and the coh

veraging theory calculation is considerably reduced by ad
he first- and second-order Magnus expansion correctio
he zeroth-order expression. The plots in Fig. 2 illustrate
mprovement when these terms are included for the WAHU
equence. The effective offset Hamiltonian evaluated to se
rder has been reported for WAHUHA in the ideal pulse l
heretb 5 te 5 ts (2); we have rederived these higher or

erms not assuming thattb 5 te, with the results
-

ta-

s
e
r-

t

r

e
e

ent
g
to
e

nd
t
r

*# d
~1! 5

d 2

6
~tb 2 te!~I x 2 I y!, [13]

*# d
~2! 5

d 3

18
@~2tbte 2 t b

2 1 2tbts 2 t s
2!I x 1 ~2tbte 2 t b

2

1 2tbts 2 4t s
2!I y 2 2ts~tb 1 te!I z#. [14]

he zeroth-order term is unchanged.
The symmetry of the left series of curves in Fig. 2 repres

FIG. 1. Effective precession axes as a function of resonance offse
AHUHA (a, b), MREV-8 (c, d), and BR-24 (e, f) sequences. The fan-sh

urfaces are exact results fortb 5 te 5 ts (a, c, e) andtb 5 0, te 5 2ts (b, d,
), evaluated over the range 7p/4 $ udTu (WAHUHA), 2p $ udTu (MREV-8),
nd 5p/ 2 $ udTu (BR-24). The vectors forming the surfaces represen
irections of the precession axes drawn from the origin, with lengths pr

ional to the true scaling factorS. The (2) and (1) symbols indicate th
irection of increasingdT. The only resonance offset value where the zer
rder predictions from Table 1 and the exact result coincide isd 5 0, marked
s 0. The separation between adjacent lines on the surfaces represents

he Nyquist theorem-limiteddT range.
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notable contrast to the right series, and is a manifestati
he underlying symmetry of the toggling-frame offset Ham
onian. The toggling-frame offset Hamiltonian (which we
ote*̃ d(t)) for the version of WAHUHA withtb 5 te 5 ts, is
ymmetric in the sense that*̃ d(t) 5 *̃ d(T 2 t). Wang and
amshaw (21) have shown that for Hamiltonians with th
roperty, all odd-order terms of the Magnus expansion

dentically zero. It follows that the effective offset Hamilton
ust be an odd function of the offset frequency to all ord
nd the scale factor and effective precession axis coordi
ust be even functions of the offset frequency to all orders

equences with an asymmetry introduced by, e.g., spec
nequal values fortb and te, odd-order terms of the Magn
xpansion of the toggling-frame Hamiltonian will not be ze
nd the precession axis coordinates will no longer neces
e even functions of the offset frequency. Theg vs dT curves

n the right series, for whichtb Þ te, display the appearance
his asymmetry. The curves for the exact calculation ofb vsdT
ndS vs dT in the right series, however, are even function

he offset frequency, the asymmetry of*̃ d(t) notwithstanding

FIG. 2. WAHUHA precession axis parameters as functions of reson
ffset for an isolated spin-1

2 nucleus, withtb 5 te 5 ts (left) andtb 5 0, te 5
ts (right). The three curves in each plot represent the exact result
urve), the zeroth-order coherent averaging theory result (horizontal d
ine), and the coherent averaging theory result calculated to third (le
econd (right) order (dashed curve). The offset from the carrier freque
esignated on the abscissa as a product with the sequence cycle timdT,
valuated over the range23158 # dT # 3158.
of
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re
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heretb Þ te (right series) are identical to the exactb andS
urves for the symmetric case wheretb 5 te (left series). A
roof of this assertion is given in Appendix A. This asser
oes not necessarily apply ifV# is approximated by a truncat
agnus expansion. Because*# d

(1) is nonzero whentb Þ te, the
econd-order coherent averaging theory expressions forg, b,
ndS will contain some odd component, which is observe

pproximations of*# d and *# d

The validity of approximating*# d with a Magnus expansio
f the toggling-frame homonuclear dipolar Hamiltonian*̃d(t),

runcated to low orders, has been confirmed by both ex
ental and mathematical investigations (1, 2, 7, 22–27). The
ltimate resolution in most circumstances is determined b

argest of the nonzero terms in the Magnus expansion, w
re typically higher order cross terms involving the dip
amiltonain*d (2, 7, 8, 14, 15, 28–33). Nonetheless,zeroth-
rder coherent averaging theory alone is a valuable wa
nalyze the decoupling performance of these sequences
hen higher order terms are not zero.
At first glance, therefore, the finding that*# d deviates sig

ificantly from the zeroth-order Magnus expansion term*# d
(0)

ppears to be contradicted by the success of the zeroth
pproximation in modeling*# d. Since resonance offsets a

ypically smaller than homonuclear dipolar interactions,
ight expect better, not worse, agreement between ze
rder resonance offset calculations and the exact results
There is no inconsistency, however, in the conclusion

he zeroth-order coherent averaging theory approximatio
ccurate for*# d, but inaccurate for*# d. As Haeberlen ha
hown (2), for decoupling sequences constructed from “s
cho pulse groups” (14), higher order Magnus expansi
ipolar terms are small and*# d ' *# d

(0) 5 0, provided that th
indow lengths are short compared to the inverse root o
econd moment of the dipolar-broadened linewidth. Since
riterion is usually satisfied,*# d

(0) is an accurate approximati
f *# d over both short and long timescales for this partic
lass of multiple-pulse sequences.
The resonance offset interaction on the other hand is

uppressed during a multiple-pulse sequence and*# d
(0) Þ 0.

ndeed, the usual objective is to maximize*# d
(0) in order to

mprove spectral dispersion. The evolution of the spin sys
ue to this interaction accumulates during the sequence
igher order nonlinear Magnus expansion terms become
al in approximating*# d.

odifications of the Coherent Averaging Theory Approac

The analysis above implies that the time average alon
˜

d(t) in the toggling frame, i.e.,*# d
(0), is a questionable a

roximation of*# d. It is natural to inquire if there is anoth
nteraction representation that would lead to a more sati
ory and tractable treatment of the off-resonance dynami

e

lid
ed
r
is



The choice of interaction representation is determined by the
d
* he
Z lie
t

[8
T

T ev
l me
a s
e se
t

b
a en
t ho
s lea
d ies
l
s
s

,

F sio
( tion
o

*# d,1
(0), *# d,2

(0), and*# d,3
(0) are the contributions to*# d

(0) of the three free
e f
t
t here.
I
a

E

C

s in
t ysis
i

e
c ur-
t
t the
o

e
c cible
s
t n a
n

of
t fset-
t
a

-
q will
n ffset
f

ms.
A for
* ows
i lizing
f
t r-
c

s, it
i n
e

w
a ling

168 HERMAN CHO
efinition of * 1(t). The customary definition is* 1(t) [

rf(t), where*rf(t) is the Hamiltonian corresponding to t
eeman interaction of the spins with the rf fields. This imp

he following form for the multispin internal HamiltonianV:

V 5 *d 1 *d , [15]

*d 5
1

2 O
j ,k51
jÞk

N

djk~3I zjI zk 2 I j z I k!, [16]

*d 5 O
j51

N

d j I zj. [17]

An alternative to the toggling frame is suggested by Eq.
he alternative we consider is defined by the relations

*1~t! ; * rf~t! 1 *d, [18]

V 5 *d. [19]

he influence of the resonance offset interaction on the
ution of the spin system is treated exactly in this new fra
nd the troublesome approximation of*# d by truncated Magnu
xpansions is avoided. We call this new interaction repre

ation the “offset-toggled frame.”
A number of the key features of this approach can

ppreciated by analyzing the two-pulse solid echo sequ
1–(p

2) x–t 2–(p
2) y#–t 3 in the offset-toggled frame. The solid ec

equence is the basic unit of virtually every homonuc
ecoupling sequence developed to date, and the propert

onger sequences are largely derived from this unit (14). We
implify the calculations by assuming thatv 1 @ d j for all
pins, and

*1~t! 5 O
j51

N

d j I zj during free evolution

*1~t! 5 O
j51

N

v1~cosfI xj 1 sin fI yj! during pulse
of phasef.

ollowing standard formulas for the Magnus expan
2, 4, 7, 22–25), *# d

(0) can be evaluated by piecewise integra
f *d(t). The result is

*# d
(0) 5

1

T
@t1*# d,1

(0) 1 t2*# d,2
(0) 1 t3*# d,3

(0) 1 tp~*# d,x
~0! 1 *# d,y#

~0!!#.

[21]
s

].

o-
,

n-

e
ce

r
of

n

volution intervals, and*# d,x
(0) and*# d,y#

(0) are the contributions o
he two rf pulse intervals. We have computed*# d,x

(0) and*# d,y#
(0), but

he equations are lengthy and we do not reproduce them
nstead, we make the assumption thatt p is short compared toT
nd write*# d

(0) as

*# d
(0) 5

1

T
~t1*# d,1

(0) 1 t2*# d,2
(0) 1 t3*# d,3

(0)!. [22]

xpressions for*# d,1
(0), *# d,2

(0), and*# d,3
(0) appear in Appendix B.

omparison of Interaction Representations

An analysis of multiple-pulse line-narrowing sequence
he toggling frame differs in a number of ways from an anal
n the offset-toggled frame:

1. In the offset-toggled frame,*̃d(t) is not a piecewis
onstant function of time, even in the ideal pulse limit. F
hermore, sequences for which*̃d(t) is symmetric in the
oggling frame (such as WAHUHA) lose their symmetry in
ffset-toggled frame, except on resonance.
2. The transformation of*d to the offset-toggled fram

annot be described as the rotation of a second-rank irredu
pherical tensor in the ideal pulse limit (2, 7, 34, 35). The
ransformation of*d must be treated as a linear operation o
ine-dimensional bilinear Cartesian tensor space.
3. U 1(t) and*̃d(t) in the toggling frame are independent

he offset frequencies of the coupled spins. In the of
oggled frame, however, bothU 1(t) and*̃ d(t) (and hence*# d)
re complicated functions of thed i .
4. Because of the dependence ofU 1(t) on the offset fre

uencies, the offset-toggled frame and the rotating frame
ot coincide in the observation window except when the o

requencies of coupled spins are equal to zero.

The derivation of Eq. [22] exemplifies most of these ite
lthough we were able to obtain an analytical expression

#
d
(0) for the solid echo sequence, the calculation quickly gr

n complexity as the sequence length increases. Genera
rom Eq. [22], however, we can infer that*# d

(0) in the offset-
oggled framewill not equal zeroexcept for pairs of dipola
oupled spins that are exactly on resonance.
Despite the difficulties of deriving analytical expression

s possible to evaluate*# d
(0) numerically. The result would be a

quation of the form

*# d
(0) 5

1

2 O
j ,k51
jÞk

N

djk O
a,b

x,y,z

Aab~d j, dk!I aj I bk, [23]

hered j andd k are the resonance offset frequencies of thej th
ndkth spins, respectively. By analogy with the offset sca
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actor S, we define a normalized dipolar coupling cons
caling factorD(d j , d k):

D~d j, dk! ; 621/ 2 @O
a,b

x,y,z

~ Aab~d j, dk!!
2# 1/ 2. [24]

he factor of 621/2 is required for normalization of the sp
perator part of the dipolar coupling Hamiltonian defined
q. [2].
D(d j , d k) is a scalar function that can be visualized a

ypersurface above the (d j , d k) plane. A representative ser
f these hypersurfaces appears in Fig. 3. These figures illu

he imperfect performance of line-narrowing sequences a
rom resonance. Even in zeroth order, the effective bili
oupling deviates significantly from zero as the carrier
uency is moved off resonance. When the two spins
ifferent chemical shifts, it is effectively impossible to null
pparent homonuclear bilinear couplings with any of th
ecoupling sequences.
Together with Fig. 2, Fig. 3 also elucidates how the app

nce of a multiple-pulse spectrum is affected by the time in
ampling window where the complex data are digitized.
xample, noting Fig. 3, one might infer that the midpoint of
ampling window is a better place to acquire data than the
f the window for optimal line narrowing. The variability

FIG. 3. Dipolar coupling scaling factorD(d j , d k) in the offset-toggle
rame, plotted as a function of the resonance offsets of the two dipolar-co
pins. (a) Symmetrized WAHUHA sequence withtb 5 te 5 ts. (b) Asym-
etric WAHUHA sequence withtb 5 0 and te 5 2ts. (c) Symmetrized
REV-8 sequence withtb 5 te 5 ts. (d) Asymmetric MREV-8 sequence wi

b 5 0 andte 5 2ts.
t

y

a

ate
ay
r
-
ve

e

r-
e
r

e
nd

requency is also minimized with this choice of acquisit
ime.

Early studies of multiple-pulse decoupling sequen
8, 12, 14, 15) have demonstrated that line-narrowing per
ance measurably worsens when the spectrometer carri
uency is not on resonance. Equation [23] and Fig. 3 symb

he explanation a zeroth-order calculation in the offset-tog
rame provides for this effect, including the observation
ine-narrowing performance depends on the sign of the o
requency. Unlike the zeroth-order theory in the togg
rame, a zeroth-order analysis in the offset-toggled frame
e used to predict the functional dependence of the reso
n the offset frequencies. At least part of the offset depend
f the spectral resolution is attributable to pulse errors
ther instrumental imperfections, which we have not con
red. As we shall see in later simulations, however, most m

ine-broadening phenomena caused by the resonance
nteraction can be accounted for by the zeroth-order theor
mbodied by Eq. [23].
Theoretical models based on a second avera

2, 7, 12, 13) of the dipolar interaction in the toggling fram
an in principle account for many of the nonlinear offs
ependent phenomena observed in multiple-pulse decou
xperiments. Nevertheless, an exact analysis of multiple-
ynamics in the presence of a resonance offset intera
eveals at least two difficulties with the traditional sec
veraging approach. The first is that the coordinates o
ffective offset precession axis are not independent o
esonance offset, as has been assumed in second ave
reatments. While second averaging calculations can be
fied to account for this effect, the results are consider

ore complicated than have been previously assumed.
The second difficulty becomes apparent when one cons

he situation where dipolar-coupled spins have different ch
cal shifts. Second averaging analyses, as previously fo
ated, provide no guidance when coupled spins precess
ifferent effective axes and with different effective frequen

n the observation frame.

erivation of a New Multiple-Pulse Decoupling Sequence

The nonlinearity of*# d in the toggling frame and its atte
ant complications can be neglected ifdT is sufficiently small
he experimental requirement is a spectrometer that can
rate decoupling sequences with cycle timesT that are shor
ompared to the inverse of the offset frequencies. In fact
uppression of nonlinear resonance offset dynamics ofte
uires cycle times that are shorter than those needed to e

hat *# d ' 0. Prominent deviations from linear behavior
bserved in multiple-pulse spectra, even when the entire c

cal shift range occupies no more than the middle 10%
equence’s Nyquist bandwidth, and rapidly increase as N
ines move outside this range (6).
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170 HERMAN CHO
The problems associated with the long cycle times
onlinear offset effects would be minimized if the toggli

rame resonance offset Hamiltonian*̃ d(t) commuted with
tself at all times. For Hamiltonians*̃ d(t) that are self-com

uting for all t, the only nonzero term in the Magnus exp
ion would be the linear term,*# d

(0).
For multiple-pulse decoupling sequences consisting of

atenated solid echo pulse groups, which include virtu
very non-windowless sequence developed to date,*̃ d(t) will
ot commute with itself in the toggling frame. Also, for m
ases of practical interest, the requisite short cycle time
ifficult to achieve with current instrumentation; but eve

hey were not, the duty cycles required, the power deposit
he sample, and the length of the acquisition times w
pproach undesirably high values. We conclude that the
esonance dynamics of sequences composed of solid
ulse groups is highly nonlinear, even if the spectrome
erformance is considered to be ideal.
Based on these observations, we infer two rules to guid

evelopment of improved decoupling sequences using a
ling-frame analysis:

1. It is desirable to have the effective precession axi
arallel to the rotating-framez-axis (6). Spectral artifacts wi
e reduced and the effective bandwidth of the sequence
ouble if such a precession axis can be stipulated.
2. Pulses and windows should be arranged so that*̃ d(t)

ommutes with itself for all times.

Given the need to ensure that*# d ' 0, the second rule ma
eem impossible to obey. Higher order Magnus expan
erms that arise because*̃ d(t) does not commute with itse
an nevertheless be minimized by keeping the sequence
ime short and eliminating windows in the sequence, espec
ntervals where*̃ d(t) Þ * d.

Following these principles, we have developed a new
iple-pulse sequence called EMSL-30 (Fig. 4), after theEnvi-
onmentalMolecularSciencesLaboratory (36). The EMSL-30
ipolar and resonance offset zeroth-order Magnus expa

erms in the toggling frame are

*# d
(0) 5 0 , [25]

FIG. 4. Pulse phases and timing of the EMSL-30 homonuclear decou
equence. One complex datum per EMSL-30 cycle is acquired at the
ndicated by the arrow. The sequence duration, including windows, is eq
0t p, with t 1 5 t 2 5 3t p and t p 5 908 pulse time.
d
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n-
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* d 5
5 S3p

1 1D*d. [26]

hese results were computed by integrating*̃d(t) and *̃ d(t)
uring both windows and pulses.
Radiofrequency inhomogeneity can significantly impair

ffectiveness of multiple-pulse sequences. This interactio
e modeled by a Hamiltonian of the form

*e~t! 5 0 during free evolution,

*e~t! 5 O
j51

N

v2~x j!~cosfI xj 1 sin fI yj! during pulse
of phasef, [27]

herex j is the spatial coordinate of thej th spin. Evaluating th
eroth-order Magnus expansion term for*̃ e(t), integrating
ver both pulses and windows in the toggling frame, we

*# e
~0! 5 0. [28]

EMSL-30 is fundamentally different from most previo
ultiple-pulse sequences in a number of respects: the win

n EMSL-30 are a determinate length; EMSL-30 contains
olid echo pulse groups; EMSL-30 utilizes both 90° and 1
ulses; and the effective resonance offset precession a
arallel to the rotating-framez-axis and does not deviate fro

his direction as the offset frequency is varied, provided thav1

d.
The free evolution periods in EMSL-30 can be altered

nserted before the first pulse without changing the ze
rder effective Hamiltonians displayed in Eqs. [25], [26],

28], provided that the sum of all free evolution periods eq
t p. Simulated and experimental tests indicate some vari

n decoupling effectiveness as the durations of free evolu
eriods are adjusted. A key factor in optimizing the per
ance of the sequence is to ensure that*# d

(0) is zero when
ntegrating both to the midpoint and to the end of the seque
evelopment of the earliest multiple-pulse decoupling
uences was guided by the realization that long, highly re
ecoupling sequences could be constructed by concate
horter subunits that themselves had*# d ' 0 (1, 2, 7, 14, 15
8, 29, 32), which ensures that homonuclear dipolar evolu

s suppressed over both short and long timescales durin
hole sequence. By analogy with this past work, version
MSL-30 composed of subunits that periodically suppres
omonuclear dipolar evolution within the sequence ma
xpected to be more effective than variants with*# d

(0) 5 0 only
t the end of the sequence.
Windowless and semiwindowless homonuclear decou

equences have been proposed by Burumet al. (37), Liu et al.
38), and Hafner and Spiess (39). Unlike the windowles

g
int
to
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171OFF-RESONANCE DYNAMICS AND COHERENT AVERAGING THEORY
ntire multiple-pulse transient in one scan. EMSL-30 is
istinguished from these past sequences by thez-direction of

ts precession axis.
Hohwy and co-workers, who independently realized

esirability of decoupling sequences with an effective pre
ion axis parallel to thez-direction, have recently propos
onger sequences with characteristics similar to thos
MSL-30 (40, 41). Initial results reported by them indicate th

he decoupling performance of their sequences is compa
o the best of previous sequences, and is superior in ce
espects, such as decoupling uniformity over a range of of
heir promising findings are consistent with the analysis
ented here, which implies that the advantages of havin
recession axis collinear withz include other factors besid
rtifact suppression and broader bandwidths.

SIMULATIONS

ethods and Parameters

The simulated multiple-pulse NMR transients we report
ere computed by numerically integrating the equation
otion of the density matrix (42, 43). The programs we hav
ritten to perform these calculations incorporate C11 objects
ontained in the mathematical shell of the GAMMA libra
reated by Smithet al. (44). In every simulation shown below
he Hamiltonian during rf pulses includes the dipolar
esonance offset interactions in addition to*rf.

In most multiple-pulse experiments, the sampling wind
nd 90° pulse width cannot be shortened below certain m
um values. We have assumed that these minimum valu
.8 ms for the sampling window, and 1.6ms for the 90° puls
idth, for all simulations. Given these values, the MRE
nd BR-24t value, as corrected for finite pulse widths (2, 35),

s 3.2 ms, giving us MREV-8 and BR-24 cycle times of 38
nd 115.2ms, respectively. For EMSL-30, the 1.6-ms 90° pulse
idth implies a cycle time of 48.0ms. In all cases, the data a
cquired at the end of the last window of the cycle.
Each EMSL-30 spectrum was obtained from two interf

rams, the first computed with a prepulse phase of 90° a
eceiver phase of 0°, and the second computed with a pre
hase of 270° and a receiver phase of 180°, and the re
ere added. The flip angle of the prepulse wasp/2 in both
ases. The simulated BR-24 spectra are products of a two
hase cycle (6) that minimizes the DC and image frequen
rtifacts caused by the tilted axis precession of the magn

ion. Similarly, the MREV-8 spectra are products of a four-s
hase cycle. The versions of BR-24 and MREV-8 program

n these simulations are shown in Table 1.
The range of frequencies that are contained in spectr

ained with these sequences can be estimated from the
caling factors given in Table 1 and Eq. [26]. For the c
imes specified above, the scaled spectral widths in z
o

e
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ble
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rder are 55.24 kHz (MREV-8), 22.55 kHz (BR-24), and 56
Hz (EMSL-30).

wo Protons withd1 5 2d2

Figure 5 shows simulated spectra of a two-proton, sin
rientation spin system for EMSL-30, BR-24, and MREV
he carrier frequency has been positioned sod1 5 2d2. The

nterproton distance is 2.03 Å and the magnetic field is
endicular to the interproton vector in these calculations. T
imulations reveal that the performance of EMSL-30 is s
ior to that of BR-24 and MREV-8 in several respects. The
s in its greater effectiveness in suppressing the dipolar spl
f the two chemical shift resonances at nonzero offsets. W
residual dipolar splitting is clearly observable in the MRE
nd BR-24 spectra ford1 5 2d2 5 6.0 kHz, the EMSL-30
pectra show no reduction in line-narrowing effectivenes
esonance offsets 50% larger. A second feature to obse
hat the zero-frequency spin-lock “pedestal” and other spe
rtifacts are less prominent in the EMSL-30 spectra, despit
se of a phase-cycling scheme in the calculation of the B
nd MREV-8 interferograms (6).
For all three sequences, associated with an increase

ffset difference 2d1 is the formation of a splitting in th
esonances of the two protons. This splitting is the manife
ion of the incomplete suppression of the two-proton dip
nteraction and the growth of*# d as the offsets increase. In t
ase of MREV-8, the growth of*# d is indicated, in zerot
rder, by the antidiagonal of Fig. 3d.
EMSL-30 has two additional advantages over BR-24
REV-8 that are not visible in these or the succeeding s

ated spectra. The first is that 100% of the spin magnetiz
ontributes to the spectral intensity of an EMSL-30 exp
ent, while about 68 and 60% of the magnetization is

erved in BR-24 and MREV-8 experiments, respectively,

FIG. 5. Simulated EMSL-30, BR-24, and MREV-8 spectra of an isol
wo-proton spin system withd1 5 2d2. Values ofd1 are 0.0 kHz (a, e, i), 3.
Hz (b, f, j), 6.0 kHz (c, g, k), and 9.0 kHz (d, h, l). The EMSL-30 a
REV-8 spectral, widths have been truncated to the middle 8.0- and 11.

ections, respectively, while the entire BR-24 spectral width is displaye
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172 HERMAN CHO
hase cycling. There is a loss in signal intensity for the la
wo experiments because a fraction of the signal in single-
R-24 and MREV-8 spectra is contained in undesired art

ines (6). These artifact signals are canceled by the p
ycling, but this procedure results in a partial subtractio
ignal intensity. The second unseen advantage of the EMS
equence is that it has a larger effective bandwidth tha
ther two sequences. While the cycle time of MREV-8
horter in these simulations, the range of offsets that ca
ontained in an EMSL-30 spectrum is slightly larger than
or MREV-8 due to the smaller offset scaling factor of EMS
0. Without the use of phase cycles, the effective spe
idth of the BR-24 and MREV-8 experiments is halved,

he advantage of EMSL-30 would be even greater.

wo Protons withd1 5 d2

Simulated spectra of two dipolar-coupled protons with id
ical resonance offsets are shown in Fig. 6. Besides the
ance offsets, all other parameters are the same as tho
ig. 5. The decoupling of the two protons by EMSL-30 in
ange23.0 # d1 # 3.0 kHz is essentially complete. Spec
rtifacts cannot be seen without substantial vertical expa
f the baseline, even for the larger offsets. The major disto

o appear at higher values ofd1 is the formation of a residu
ipolar splitting.
The dipolar splitting is suppressed for a slightly wider ra

f frequencies by BR-24. Although the line does not div
ver this range, the intensity of the unsplit line decre
isibly, even for offsets within63.0 kHz. Also, the zero
requency artifact can be clearly seen in every off-reson
pectrum.

FIG. 6. Simulated EMSL-30, BR-24, and MREV-8 spectra of an isol
roton pair spin system withd1 5 d2. Resonance offsets are29.0 kHz (a, h
); 26.0 kHz (b, i, p);23.0 kHz (c, j, q); 0.0 kHz (d, k, r); 3.0 kHz (e, l, s
.0 kHz (f, m, t); and 9.0 kHz (g, n, u).
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plitting of the three sequences. This is partly explaine
bserving that MREV-8 has the shortest cycle time, an

hese simulations actually almost satisfy the coherent av
ng assumptionT21 @ d over the entire offset range. T
elative magnitude of*# d in the offset-toggled frame may
stimated, in zeroth order, by considering the diagonal of
d. This figure reveals that within the range of offsets show
ig. 6,*# d is scaled to less than 10% of its undecoupled va
nd thus does not produce a splitting that can be resolved
imulation.

wo Protons withd1 5 0, d2 Þ 0

We conclude from Fig. 6 that in the absence of p
mperfections and chemical shift differences of coupled sp
he carrier frequency should be tuned exactly on reson
ith the NMR lines for optimum decoupling. In Fig. 7 w
xamine the performance of these sequences if the two co
pins have different resonance frequencies and one spin
esonance.

For all three sequences, obvious spectral distortions a
s early asd2 5 63.0 kHz. The off-resonance line is the m
istorted in the EMSL-30 and BR-24 spectra, but for MRE

he on-resonance line has a larger residual splitting tha
ff-resonance transition.
These results suggest that the resolution of a single

ance in a multiline spectrum may not always be improve
uning the spectrometer frequency to the desired line if
esonant spin is strongly coupled to spins that are far
esonance. In cases where strong couplings between spin

FIG. 7. Simulated EMSL-30, BR-24, and MREV-8 spectra of an isol
wo-proton spin system. One proton is exactly on resonance, and the res
ffset of the second proton is 9.0 kHz (a, h, o); 6.0 kHz (b, i, p); 3.0 kH

, q); 0.0 kHz (d, k, r);23.0 kHz (e, l, s);26.0 kHz (f, m, t); and29.0 kHz
g, n, u).
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173OFF-RESONANCE DYNAMICS AND COHERENT AVERAGING THEORY
arge chemical shift differences exist, the optimal position
he carrier frequency may be at some intermediate frequ

hree Protons

The effects of higher order spin correlations on decoup
erformance are considered in three-proton simulations r
ented by the spectra in Fig. 8. These simulations also r
he distortions that develop in multiple-phase spectra a
omonuclear dipolar coupling increases. In these calcula

he three protons are assumed to be positioned at the verti
n equilateral triangle, with the magnetic field pointing orth
nally to the plane defined by the three protons. The pro
re magnetically inequivalent, with resonance offsets of
.5, and24.1 kHz. The values of the dipolar couplings
rease in the ratio of 1:2:4:8 going from spectra (a) to (d).
ulse sequence parameters and phase cycle are the sa

hose for Fig. 5.
All three sequences are effective in suppressing the h

uclear dipolar interaction for internuclear distances dow
.56 Å. The zero-frequency artifact is seen in the MREV-8
R-24 spectra, even for couplings and offsets that are s
ompared to the inverse cycle time. With slight expansio
he vertical scale, mirror image artifacts also become visib
he BR-24 and MREV-8 spectra.

As the internuclear distance is decreased to 2.03 Å
elow, there is a rapid degradation in line-narrowing pe
ance of both MREV-8 and EMSL-30. BR-24 performs be

n the strong coupling simulations, but the resolution is
ected, too, by the decrease in interproton distance from 2.
.03 Å.
All of the two-proton simulations shown in Figs. 5–7 w

omputed assuming an internuclear distance of 2.03 Å. U

FIG. 8. Simulated EMSL-30, BR-24, and MREV-8 spectra of an isol
hree-proton spin system. The protons form an equilateral triangle, wi
nterproton distance of 3.23 Å (a, e, i); 2.56 Å (b, f, j); 2.03 Å (c, g, k); and

(d, h, l).
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hree sequences appeared to be effective in suppressin
wo-spin homonuclear dipolar evolution for a range of offs
his finding reveals the significant influenceN-spin correla

ions, N . 2, may have in determining the resolution
ultiple-pulse spectra for spin systems with more than

trongly coupled spins, and suggests that relatively s
hanges in the geometry of the proton network can resu
ajor differences in decoupling performance. Past inves

ions on two-spin systems, such as experiments on gy
ingle crystals (45), provide some evidence that strong dipo
nteractions may in fact be more readily eliminated by m
le-pulse sequences when the spins are coupled in pairs

han in larger networks.

EXPERIMENTS

ethods and Parameters

Experimental results were obtained on a Chemagn
MX Infinity console, operating at a proton Larmor freque
f 299.99 MHz. A Chemagnetics CRAMPS probe was use
ll experiments. The rf pulse times and phases were tune
alibrated according to standard procedures (46–48) on the
roton resonance of poly(dimethylsiloxane) (P(DMS)).
0° pulse width was 1.6ms, and the MREV-8 and BR-24 cyc

imes were 48.0 and 144.0ms, respectively, with short and lo
indow lengths adjusted for finite pulse widths as reporte
ehring (35). Data for the MREV-8 and BR-24 experime
ere acquired at the ends of the long windows, immedia
efore the first pulse of the next cycle. The versions of BR
nd MREV-8 implemented in these experiments are spec

n Table 1. Four- and eight-step phase cycles were employ
he BR-24 and MREV-8 experiments, respectively, to supp
rtifacts caused by the tilted axis precession of the magn

ion (6). A four-step phase cycle of the prepulse and rece
hases was used in the EMSL-30 experiments.
Levitt and co-workers (49–51) and Waugh (18) have previ

usly described ways to improve the performance of cy
eteronuclear liquid-state decoupling sequences. These
ds consist of iterative rules for grouping modified version
decoupling sequence to form longer sequences called s

ycles. Most of the specific rules they developed canno
dapted for homonuclear decoupling sequences suc
REV-8 or BR-24, but some of the ideas can be applie
MSL-30. For example, error terms in the effective dipolar
hift Hamiltonians of EMSL-30 with the transformation pro
rty

Rz~p!*# eRz
21~p! 5 2*# e [29]

an be eliminated to zeroth order by concatenating EMS
ith a version of itself modified by a shift of the phases o
ulses of 180°. Similarly, error terms obeying the equality

n



Rz~p/ 2!*# eRz
21~p/ 2! 5 2*# e [30]
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174 HERMAN CHO
re eliminated to zeroth order by concatenating EMSL-30
version of itself modified by a shift of the phases of all pu
y 90°. A zeroth-order analysis of the EMSL-30 error te
ould suggest, therefore, that the supercycleP0PpPp/ 2P3p/ 2,
herePf denotes an EMSL-30 sequence with all pulse ph
hifted byf radians, would achieve a decoupling performa
hat was superior to a single EMSL-30 cycle. We have ind
ound that the spectra are significantly improved by subs
ng the EMSL-30 supercycle (which we denote EMSL-30s
MSL-30. In this paper, we show only EMSL-30s experim

al results. Despite the longer cycle time of EMSL-30s,
nterferogram was acquired at the rate of one point
MSL-30 cycle, or four points per EMSL-30s cycle, th
reserving the bandwidth of the original EMSL-30 seque

requency Offset Measurements

The scaling of NMR frequency offsets by multiple-ph
equences was experimentally determined by measurin
osition of the proton resonance of P(DMS) relative to
pectrum center as a function of the spectrometer carrie
uency. We have compared the predictions of the zeroth-
oherent averaging theory with experimental results
REV-8 and BR-24 (Fig. 9) by plotting thedeviationof the
easurements from the zeroth-order theoretical value
valuated with

D 5 ~d ~obs! 2 S~0!d!T, [31]

here d(obs) is the measured offset,S(0) is the zeroth-orde
oherent averaging theory scale factor, andd is defined by
P(DMS) 2 vrf. The zeroth-order scaling factors for MREV-8 a
R-24 were calculated using the equations of Burumet al.

37), which include a correction for finite pulse widths.
The discrepancy between the experimental results an

eroth-order theoretical predictions is systematic, and ca
e explained by experimental error or an incorrect choice o
cale factor. Pulse imperfections, which were quantified du
he tuning procedure, are not of sufficient size to accoun
he discrepancy. The nonlinearity of the measured frequ
ffset is particularly significant at the extrema of the spectr
here the zeroth-order approximationT21 @ d does not hold
s shown by the solid curves in Fig. 9, the nonlinear off
alculated using the exact theory correlate well with the
erimentally measured offsets over the entire Nyquist b
idth of the multiple-phase spectrum, even near the ends o
pectrum where nonlinear effects are greatest. The agre
etween theory and experiment is further improved as the
ycle and the 90° pulse width are decreased.
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olid-State Proton Spectra

Figure 10 shows EMSL-30s, BR-24, and MREV-8 pro
pectra of a dimethylnaphthalene single crystal measur
hree different carrier frequencies. The same number of s
as acquired for each spectrum.
The resolution of the EMSL-30s and BR-24 spectra is c

arable, and the resolution of the MREV-8 spectra is the w
f the three. The BR-24 and MREV-8 spectra in all ca
ontain a pronounced zero-frequency spike indicative o
ncomplete cancellation of the “pedestal” signal by the ph
ycle (6). This artifact is absent in the EMSL-30s spectru
An important advantage of multiple-pulse sequences

MSL-30s having*# d
(0) } *d is demonstrated by the intensit

f the EMSL-30s spectra compared to the intensities o
ther two sequences. Although each spectrum represen
ame number of scans, the EMSL-30s spectra clearly co
ore signal than the BR-24 and MREV-8 spectra. As

ussed above and elsewhere (6), significant amounts of sign
ntensity in MREV-8 and BR-24 spectra are lost in the form
navoidable spectral artifacts. EMSL-30s is not afflicted

hese artifacts, and thus EMSL-30s spectra contain cons
bly more useful signal than MREV-8 and BR-24 spectra

FIG. 9. Deviation from linearity of the frequency shifts observed
REV-8 (top) and BR-24 (bottom) experiments as a function ofdT. Filled

ircles are experimental data and bars are full-width half-height linewi
olid curves are the deviations calculated using the exact theory.
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Figure 10 shows only a fraction of the total spectral wid
cquired in these spectra. Based on the zeroth-order s

actors, the range of offsets that can be observed in the e
mental spectra can be estimated to be 56.3 kHz (EMSL-
8.0 kHz (BR-24), and 44.2 kHz (MREV-8). For higher fi
easurements or nuclei with larger chemical shift ranges,
s19F, the increased spectral width will be an attractive fea
f the EMSL-30s experiment.
The results displayed in Fig. 11 confirm that EMSL-
orks equally well in CRAMPS applications (52, 53). Each
pectrum in this figure is the sum of an equal number of sc
hile the EMSL-30s lines appear to be wider at the base
R-24 resonances, the half-height linewidths are less.

FIG. 10. Mutiple-pulse proton spectra of a dimethylnaphthalene sing
ecoupling sequences were EMSL-30s (a, b, c), BR-24 (d, e, f), and M

FIG. 11. Proton CRAMPS spectra of fumaric acid monoethyl ester po
rom left to right. The decoupling sequences were EMSL-30s (a, b), BR
s at 0.0 kHz.
s
ing
er-
),

ch
e

s.
n

CONCLUSION

The critical first step in a coherent averaging theory ana
f multiple-pulse dynamics is the choice of an interac
epresentation. In making this decision, the main task
ifferentiate between interactions that have a large, e
nalyzed effect on the spin system’s dynamics and those
ave a small, perturbative effect.
Low-order coherent averaging theory approximations

ccurate when the terms in the perturbation HamiltonianV are
mall in both the original frameand the interaction frame. Th
iscrepancy we have discovered between coherent aver

heory results and exact calculations arises because the

rystal. The carrier frequency increases in 4-kHz increments from left to
V-8 (g, h, i). The position of the carrier frequency in each spectrum is

er acquired with 1 kHz sample spinning. The carrier frequencies increas
(c, d), and MREV-8 (e, f). The position of the carrier frequency in eachm
le c
RE
wd
-24
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arge interaction in the toggling frame (compared toT21) if *d

s included in part ofV. In cases where it is found thatV# is not
mall relative toT21, one must question the validity of appro

mating V# with only low-order terms, or else reevaluate
pecification of the interaction representation.
In this paper, the latter approach is followed. We h

etermined from this treatment that spectra obtained by
iple-pulse homonuclear decoupling methods become si
antly distorted when the spectrometer carrier frequency
esonance, even if the spectrometer’s performance is othe
deal. The magnitude of many of these distortions, inclu
esidual dipolar line broadening, nonlinearity of offset
uency scaling, and tilted axis precession artifacts, ca
uantified in the offset-toggled frame over the entire Nyq
andwidth, which is not readily accomplished in the traditio

oggling frame.
In investigating the off-resonance dynamics of nuclear s

uring multiple-pulse irradiation, simulations can be an impo
id. In experimental studies, many difficult-to-quantify fac
ffect the observed outcome, including pulse imperfections,

deal instrument performance, and relaxation effects. Fur
ore, it is usually not feasible to vary systematically cer
arameters, e.g., chemical shifts and spin–spin couplings, a
ted with the sample in order to elucidate the influence of t
uantities on dynamics. The combination of these factors

eres with attempts to isolate the effect of a single interaction,
s the resonance offset. Time-domain simulations are an a

ng alternative for such investigations.
NMR spectrometer design has been a prime focus of e

o improve the performance of multiple-pulse experime
nless the spectrometer, probe, and transmitter are we
igned and tuned, instrumental deficiencies will indeed
erely limit the resolution that can be observed in a solid-s
omonuclear decoupling experiment. As calculations in
ffset-toggled frame, exemplified by Fig. 3, indicate thou
pectrometer performance will not be the ultimate resolu
imiting factor for dispersed spectra obtained with WAHUH

REV-8, BR-24, or related sequences. On a well-tuned N
pectrometer, further improvements in off-resonance de
ling results will only be achieved by utilizing sequences s
s EMSL-30 based on different design principles.
EMSL-30 is superior to previously described sequence

ther respects, including bandwidth, sensitivity, and free
rom tilted axis precession artifacts. Multiple-phase decoup
equences having an effective precession axis parallel t
otating-framez-axis will also be preferable in 2D expe
ents, such as heteronuclear correlation measurements54–
7), homonuclear dipolar shift correlation experiments (58),
nd solid-state COSY methods (43, 59). On the other hand
R-24, which is designed to be self-compensated for p
equence imperfections, seems to achieve better line narr
hen spectrometer performance is deficient, especially

esonance. For multiple-pulse spectra with all of the l
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yquist bandwidth, the resolution of on-resonance BR
pectra is still as good or better than EMSL-30 spectra obta
ith current spectrometer technology.
The off-resonance effects reported in this paper will bec

ncreasingly prominent in future NMR experiments perform
t higher fields on improving instrumentation. Gains in re

ution and sensitivity will not be commensurate unless
equences with better off-resonance characteristics are de
Coherent averaging theory and the concept of effe
amiltonians have influenced the analysis and formulatio

ime-domain magnetic resonance experiments beyond the
nal applications in homonuclear decoupling sequences in
ds. Some examples include multiple-quantum NMR exp

ents (60), solution-state heteronuclear decoupling seque
18, 49–51, 61), numerous multidimensional NMR mixin
chemes (43), zero-field NMR in high field (48), and rf-driven
lectron spin echo envelope modulation (ESEEM) spec
opy (62). As is the case in decoupling experiments with
hemical shift Hamiltonian, the goal in many of these exp
ents is to specify and maximize an effective Hamiltonian

s different from the rotating-frame Hamiltonian. It has b
emonstrated here that there is potentially an inconsisten
alculating large, nonzero effective Hamiltonians with lo
rder approximations, except for the shortest cycle time
ombination of exact calculations, numerical simulations,
valuation of higher order terms is essential in these situa

or determining if the deviation from the desired effect
amiltonian is significant and affects experimental obse

ions.

APPENDIX A

In this appendix, we prove two propositions about the r
ion matrixRr(c) given in Eq. [8]: (a)c andb are independen
f the values oftb andte, provided that the sumtb 1 te is held
xed; and (b)S andb are invariant with respect to a change
he sign ofd.

To prove (a), we consider two rotation operators of the f
iven by Eq. [8]:

Rr1~c1! 5 Rz~dte,1! Rx#~p/ 2! Rz~dts! Ry~p/ 2! Rz~dt l!

3 Ry#~p/ 2! Rz~dts! Rx~p/ 2! Rz~dtb,1!, [A1]

Rr2~c2! 5 Rz~dte,2! Rx#~p/ 2! Rz~dts! Ry~p/ 2! Rz~dt l!

3 Ry#~p/ 2! Rz~dts! Rx~p/ 2! Rz~dtb,2!, [A2]

ith

te,11 tb,1 5 te,21 tb,2. [A3]

rom Eq. [A3], we can writetb,1 5 tb,2 1 tD andte,1 5 te,2 2

D, and



Rr1~c1! 5 Rz~dtD! Rr2~c2! Rz
21~dtD!. [A4]
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augh (18) has shown that from the matrix form ofRr 1(c1) in
he irreducible representation of the rotation groupSU(2) (63),
ne can computec1 via the relationship

c1 5 2 cos21~z1/ 2!, [A5]

herez1 is the trace ofRr 1(c1). Since, by Eq. [A4],Rr 1(c1) and
r 2(c2) are related by a similarity transformation, their tra
ust be equal, andc1 5 c2 by Eq. [A5]. A similar argumen

an be constructed to showb1 5 b2. By hypothesis,te,1, tb,1,
e,2, and tb,2 can have any values, subject to the constr
epresented by Eq. [A3]. Thus, Proposition (a) is proved:c and

are independent of the values oftb andte, provided that th
umtb 1 te is held fixed. From Eq. [12], we infer that the sa
tatement applies toS.
The equalitiesc1 5 c2 andb1 5 b2 both derive from a mor

undamental property of rotation operators,

Rrx
~x! Rr~c! Rrx

21~x! 5 Rr *~c!, [A6]

ith r * 5 Rr x
(x)r .

Proposition (b) follows directly from (a). The quantitiesS
ndb are invariant with respect to a change in the sign ofd for
t least one combination oftb andte values,viz., tb 5 te. We
ave discussed earlier how this invariance derives

he symmetry of the WAHUHA toggling-frame Hamilt
ian, *̃ d(t), and seen in Fig. 2 the confirmation thatb andS
re even functions ofdT. If b andS are even functions ofdT

or one pair (tb, te) values, however, then they must be e
unctions ofdT for all pairs of (tb, te) values, provided tha
b 1 te is fixed, since all curves for fixedtb 1 te must coincide
y Proposition (a). This proves Proposition (b).
As exemplified by Eq. [14], odd-order terms in the Mag

xpansion of the WAHUHA toggling-frame Hamiltoni
d(t) are not zero whentb Þ te. Based on this observatio

ne might expect thatb andS could not be even functions
T unlesstb 5 te. It is interesting to observe, therefore, t
his expectation is incorrect. We conclude that while individ
dd-order terms of this operator expansion are not zero
um of the odd-order terms must converge to zero for ad.
nlike a Fourier or Chebyshev series, the convergence o
um of odd-order Magnus expansion terms to zero is pos
ecause: (1) the function that is being expanded doe
ommute with itself at different times; and (2) each term in
xpansion is not orthogonal to all of the other terms.

APPENDIX B

*# d,1
(0), *# d,2

(0), and*# d,3
(0) in Eq. [22] can be calculated by straig

orward applications of known formulas (2). The results are
s

t

m

s

t
l
he

he
le
ot

e

*# d,1
~0! 5

2 O
j ,k51
jÞk

djk$2I zjI zk 2 sinc~j j1 2 jk1!~I xjI xk 1 I yjI yk!

1 ~j j1 2 jk1!
21@cos~j j1 2 jk1! 2 1#

3 ~I xjI yk 2 I yjI xk!%, [B1]

*# d,2
(0) 5

1

2 O
j ,k51
jÞk

N

djk$2I zjI zksinc~j j2 2 jk2!

1 I xjI xk@2 sin j j1sin jk1 2 sinc~j j2 2 jk2!

3 cosj j1cosjk1# 1 I yjI yk@2 cosj j1cosjk1

2 sinc~j j2 2 jk2!sin j j1sin jk1#

1 I xjI yk@2 sin j j1cosjk1 1 sinc~j j2 2 jk2!

3 cosj j1sin jk1# 1 I yjI xk@2 cosj j1sin jk1

1 sinc~j j2 2 jk2!sin j j1cosjk1# 1 ~j j2 2 jk2!
21

3 @cos~j j2 2 jk2! 2 1#~I zjI xkcosjk1

2 I zjI yksin jk1 2 I xjI zkcosj j1 1 I yjI zksin j j1!%,

[B2]

*# d,3
(0) 5

1

2 O
j ,k51
jÞk

N

djk$~I xjI xkcosj j1cosjk1 2 I xjI ykcosj j1sin jk1

2 I yjI xksin j j1cosjk1 1 I yjI yksin j j1sin jk1!

3 @2 cosjj2cosjk2 2 sinc~j j3 2 jk3!sin j j2sin jk2#

1 ~I xjcosj j1 2 I yjsin j j1!I zk@2 cosj j2sin jk2

1 sinc~j j3 2 jk3!sin j j2cosjk2#

1 ~I xkcosjk1 2 I yksin jk1!I zj@2 sin j j2cosjk2

1 sinc~j j3 2 jk3!cosj j2sin jk2#

1 I zjI zk@2 sin j j2sin jk2 2 sinc~j j3 2 jk3!

3 cosj j2cosjk2# 2 sinc~j j3 2 jk3!

3 @I yjI ykcosj j1cosjk1 1 I xjI yksin j j1cosjk1

1 I yjI xkcosj j1sin jk1 1 I xjI xksin j j1sin jk1#

2 ~j j3 2 jk3!
21@cos~j j3 2 jk3! 2 1#

3 @I zkcosjk2~I yjcosj j1 1 I xjsin j j1!

2 I zjcosj j2~I ykcosjk1 1 I xksin jk1!

2 sin jk2~I yjI xkcosj j1cosjk1 1 I xjI xksin j j1cosjk1

2 I yjI ykcosj j1sin jk1 2 I xjI yksin j j1sin jk1!

1 sin j j2~I xjI ykcosj j1cosjk1 1 I xjI xkcosj j1sin jk1

2 I yjI yksin j j1cosjk1 2 I yjI xksin j j1sin jk1!#%,

[B3]

herej jn 5 d jt n and j kn 5 d kt n, n 5 1, 2, 3.
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